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Abstract
We show that the irreducible characters lying in 2-blocks of finite solvable groups with abelian defect
groups have trivial 2-local Schur indices.
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1. Introduction
Given a complex irreducible character χ of a finite group, calculating the Schur index mQ(χ)
and specifying the associated division algebra over the field Q(χ) is a difficult task. A theorem of
Brauer and Witt shows that to specify the set of all division algebras arising from all irreducible
characters of all finite groups, it suffices to consider the so-called p-hyperelementary groups.
A finite group H is called p-hyperelementary for the prime p if H is a semidirect product
U  P of a cyclic normal p′ subgroup U and a p-group P . Specifically, if χ ∈ Irr(G), and p
is a prime, then G has a p-hyperelementary subgroup H with ζ ∈ Irr(H), such that mQ(χ)p
divides mQ(ζ )p = mQ(ζ ). Unfortunately, locating the pair (H, ζ ) inside G is a subject about
which relatively little is known. See [5] for results in this direction.
Because the rational Schur index mQ(χ) equals the least common multiple of the local Schur
indices mQp (χ) where p ranges over all primes of Q including the infinite prime, it is natural
to focus on the field Qp. For this, modular representation theory can be helpful, and the extent
to which this can be developed as an alternative to seeking hyperelementary subgroups is still
mysterious.
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mQp (χ) provided χ lies in a p-block with cyclic defect groups. Throughout, we let χ∗ denote
the Brauer character obtained by restricting the ordinary character χ to the p-regular elements
of G. Then Benard’s formula is
mQp (χ) =
∣∣Qp(χ,ϕ) : Qp(χ)
∣∣
where ϕ is any of the irreducible Brauer constituents of χ∗. The proof makes no use of hyperele-
mentary subgroups. Rather, it uses the quite rigid structure of irreducible Zp-representations of
cyclic groups to prove the formula in the case of a normal defect group and then uses E.C. Dade’s
results [3] on the structure of cyclic blocks in the general case. Of course, this was before
M. Broué’s famous conjecture on blocks with abelian defect groups, and a third point of in-
terest is exactly what this conjecture implies about Schur indices. If χ ’s p-block has an abelian
defect group D, it may reduce computation of mQp (χ) to a situation in which D G.
One final remark is that the relationship between mQ(χ)p and the p-defect groups of χ ’s p-
block is more mysterious still. In general, the only thing that seems to be known is that mQ(χ)p
divides the exponent of the associated p-defect groups. See [9].
In this note we focus on the case p = 2, the only case in which p can divide mQp (χ).
Theorem 1.1. Suppose G is a finite solvable group and that χ is an irreducible complex charac-
ter of G lying in a 2-block with abelian defect groups. Then mQ2(χ) = 1.
Our proof is character-theoretic. It relies on the Brauer–Witt theorem but not on results related
to the Broué conjecture. We begin by showing the statement holds for groups with normal 2-
complements and then use the Brauer–Witt theorem to deduce the full result from this case.
G must be assumed solvable to invoke a theorem of Fong. We do conjecture, however, that
Theorem 1.1 remains valid without the assumption of solvability.
It is well known and will be shown below that 2-local Schur indices are always equal to either
1 or 2. It is therefore natural to ask whether the rational Schur index mQ(χ) is odd in the situation
of Theorem 1.1. It need not be. Consider a group G = U P where U is cyclic of order 3, and P
is cyclic of order 4 acting non-trivially on U . Let χ ∈ Irr(G) be faithful. Using Benard’s formula
above, it is easy to see that mQ3(χ) = mQ(χ) = 2. This example also shows Theorem 1.1 does
not hold if 2 is replaced by an odd prime.
2. Schur indices of p-nilpotent groups
The results of this section are known, but we give a fairly complete discussion because ref-
erences to Schur index calculations of p-nilpotent groups are somewhat obscure. Also, our
emphasis on defect groups is not standard. A p-nilpotent group is a group with a normal p-
complement.
Lemma 1. Let H be a subgroup of G, and let θ ∈ Irr(H), and χ ∈ Irr(G). Let F be a field of
characteristic zero. Then
(i) mF (χ) | mF (θ)|F(χ, θ) : F(χ)|[χ, θG], and
(ii) mF (θ) | mF (χ)|F(θ,χ) : F(θ)|[χH , θ ].
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for statements about the actual division algebras. 
Lemma 2. Let E/F be a finite extension of fields of characteristic zero. Let χ ∈ Irr(G). Then
(i) mF (χ) = mF(χ)(χ),
(ii) mE(χ) | mF (χ), and
(iii) mF (χ) | mE(χ)|E : F |.
Proof. This is part of [6, Corollary 10.2]. 
Proposition 2.1 (Brauer 1945). Let χ ∈ Irr(G). Suppose the irreducible Brauer character ϕ
occurs in χ∗ with multiplicity d . Then
mQp (χ) | d
∣∣Qp(χ,ϕ) : Qp(χ)
∣∣.
Proof. This is [4, IV9.3]. See also [1, Section 2]. 
We apply this result of Brauer to p-nilpotent groups. The following is well known, but the
application to Schur indices appears to be new. See [6] and [7] for facts used in its proof.
Proposition 2.2. Let H = U  P where U is a p′-group and P is a p-group. Let χ ∈ Irr(H).
Then χ∗ = dϕ for some ϕ ∈ IBr(H). The decomposition number d is the degree of an irreducible
character of the defect group of the p-block containing χ.
Proof. Let Φ1 and Φ2 be distinct indecomposable projective characters of H. There exist irre-
ducible characters α1 and α2 of U such that Φ1 = αH1 and Φ2 = αH2 . Then
[Φ1,Φ2] =
[
α1, α
H
2 U
]=
∑
x∈H/U
[
α1, α
x
2
]= 0
since if α1 = αx2 for some x ∈ H/U, then αH1 = αH2 . This implies that each row of the decompo-
sition matrix for H has exactly one non-zero entry. That is χ∗ = dϕ for some ϕ ∈ IBr(H), and
some natural number d.
Now let α be an irreducible character of U such that αH = Φ is the indecomposable projective
character of H satisfying [Φ,χ] = d. Then χ lies over α, and the stabilizer D in P of α is
a defect group of the p-block of H containing χ. The character α extends to an irreducible
character α˜ of UD, and Gallagher’s theorem gives
αUD =
∑
β∈Irr(UD/U)
β(1)(βα˜).
Therefore, χ = (βα˜)H for some β ∈ Irr(UD/U), and [χ,Φ] = d = β(1). The proof is complete
because UD/U ∼= D. 
Corollary 2.3. Let H = U P where 2  |U |, and P is a 2-group. Let χ ∈ Irr(H) lie in a 2-block
with abelian defect groups. Then mQ (χ) = 1.2
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to 1 because the defect groups are abelian. Now it is clear that |Q2(χ,ϕ) : Q2(χ)| = 1, and the
result follows from Proposition 2.1. 
If p is odd, it is known [11] that mQp (χ) divides p − 1 for any irreducible character χ of any
finite group. If H has a normal p-complement and χ ∈ Irr(H), then Propositions 2.2 and 2.1
imply mQp (χ) is a power of p. It follows that mQp (χ) = 1.
We state several more facts.
Lemma 3. Let K G. Let χ ∈ Irr(G) and let θ ∈ Irr(K) be an irreducible constituent of χK . Let
F be a field of characteristic zero; let I be the stabilizer of θ in G, and let
I ∗ = {g ∈ G ∣∣ θg = θσ for some σ ∈ Gal(F(θ)/F )}.
If ψ is the unique character in Irr(I ) lying over θ and satisfying ψG = χ, then F(ψI∗) = F(χ),
and mF (ψI
∗
) = mF (χ).
Proof. This is standard. It occurs in, for example, [8]. 
Proposition 2.4. Let G be a p-solvable group. Let K = Op′(G). Assume θ ∈ Irr(K) is G-
invariant. Then there is a unique p-block of G covering {θ}, and the defect groups of this block
are the Sylow p-subgroups of G.
Proof. This result of Fong appears as Theorem 10.20 in [7]. 
Theorem 2.5 (Brauer–Witt). Let χ ∈ Irr(G). Let F be a field of characteristic zero such that
F(χ) = F , and let p be a prime. Then there exists a p-hyperelementary subgroup H of G, and
a character ζ ∈ Irr(H) such that
(i) [χH , ζ ] ≡ 0 (mod p), and
(ii) |F(ζ ) : F | ≡ 0 (mod p).
In particular, mF (χ)p = mF (ζ ).
Proof. This is standard. A proof appears in [2]. 
Corollary 2.6. Let G be a finite group and χ ∈ Irr(G). Then mQ2(χ) is a power of 2.
Proof. Let p be an odd prime dividing mQ2(χ). By Theorem 2.5 there exists a p-hyperelemen-
tary subgroup H of G and ζ ∈ Irr(H) such that mQ2(χ)p divides mQ2(ζ ). However, the Sylow
2-subgroup of H is cyclic and normal, so H is the direct product of its Sylow 2-subgroup and its
Hall 2′-subgroup. It follows from, for example, Corollary 2.3 that mQ2(ζ ) = 1. 
We mention here that if an irreducible character χ of G lies in a 2-block with cyclic defect
groups, then χ∗ ∈ IBr(G), so mQ2(χ) = 1 for these characters.
Corollary 2.7. Let G be a group with abelian Sylow 2-subgroups. Let χ ∈ Irr(G). Then
mQ (χ) = 1.2
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of G with ζ ∈ Irr(H) such that mQ2(χ) = mQ2(χ)2 divides mQ2(ζ ). We have mQ2(ζ ) = 1 by
Corollary 2.3.
A proof of this not involving defect groups appears in [10]. 
Although it is not necessary for the proof of Theorem 1.1, we use the above results to prove the
bound on 2-local Schur indices mentioned in the introduction. The significance of what follows
is the use of defect groups rather than the cyclotomic algebras studied in [11].
Corollary 2.8. Let G be a group and let χ ∈ Irr(G). Then mQ2(χ) 2.
Proof. Assume mQ2(χ) = 1 and that χ is faithful. By Corollary 2.6, mQ2(χ) is a power of 2.
By Lemma 1 we may assume that χ is Q2-semiprimitive. This means that 2 | |Q2(χ, ζ ) :
Q2(χ)|[χH , ζ ] for every proper subgroup H of G and every character ζ ∈ Irr(H). By Theo-
rem 2.5 it follows that G is a 2-hyperelementary group. Write G = U  P for a cyclic group U
of odd order and a 2-group P . Let λ be an irreducible constituent of χU . Let D be the stabilizer of
λ in P . Then D is a defect group of the 2-block of G containing χ . Let A be an abelian subgroup
of D that is normal in P . Then AG. Because χ is Q2-semiprimitive, Lemma 3 implies the irre-
ducible constituents of χA are Galois conjugate over Q2. Because χ is faithful, it follows that A
is cyclic. We have shown that each P -invariant abelian subgroup of D is cyclic. Lemma 4 of [9]
now implies D has a maximal subgroup which is cyclic. This means each irreducible character
of D has degree 1 or 2. The result follows from Propositions 2.2 and 2.1. 
3. Proof of Theorem 1.1
Let G be a finite solvable group, and let χ ∈ Irr(G) lie in a 2-block with abelian defect
groups. Assume that mQ2(χ) = 1. By Corollary 2.6, mQ2(χ) is a power of 2. We may assume
mQ2(χ) = 2, but this will not be necessary for what follows.
Letting Q2(|G|) denote the extension of Q2 formed by joining a primitive |G|th root of unity,
we define the field F by the containments
Q2 ⊆ Q2(χ) ⊆ F ⊆ Q2
(|G|)
as well as the requirements that |F : Q2(χ)| be odd and |Q2(|G|) : F | be a power of 2. Then
mQ2(χ) = mF (χ) by Lemma 2.
Let K = O2′(G). Let θ ∈ Irr(K) be an irreducible constituent of χK . Let I be the stabilizer
of θ in G, and let ψ be the unique character in Irr(I ) lying over θ and satisfying ψG = χ .
Form the subgroup I ∗ as in the statement of Lemma 3. By that lemma, we know mF (ψI
∗
) =
mF (χ) = 1. Also, the defect groups of the 2-block b of I ∗ containing ψI∗ are abelian. They are,
in fact, subgroups of the defect groups of the 2-block of G containing χ . The fact that ψG is
irreducible means bG is defined in the sense of Brauer, and χ ∈ Irr(bG).
By induction on |G|, we may assume G = I ∗. It follows that I G. We have also that the
defect groups of the 2-block of I containing ψ are abelian.
Because the irreducible constituents of χK and χI are all Galois conjugate over F, we have
F(θ) = F(ψ) and an isomorphism
G/I ∼= Gal(F(θ)/F )= Gal(F(ψ)/F ). (1)
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extension, so we even have that G/I is cyclic. However, the statement about |G : I | is all we
need.
It follows that K = O2′(I ), so Proposition 2.4 implies that the 2-block of I containing ψ is a
block of full defect. In particular, I < G by Corollary 2.7, and the Sylow 2-subgroups of I are
abelian.
Now let H be a 2-hyperelementary subgroup of G with ζ ∈ Irr(H) such that F(ζ ) = F, and
2 does not divide [χH , ζ ]. Of course such H and ζ exist by Theorem 2.5 and our choice of the
field F . Write H = U  P for a cyclic group U of odd order and a 2-group P . It is possible that
U = 1.
We claim G = IH . Let IH = I ∩ H . Mackey’s formula gives
χH = ψGH =
∑
x∈T
ψxIH
H =
∑
x∈T
ψ
σx
IH
H
,
where T is a set of coset representatives of IH in G, and x 
→ σx ∈ Gal(F (ψ)/F ) is given by
the isomorphism (1). Therefore
[χH , ζ ] =
∑
x∈T
[
ψ
σx
IH
H
, ζ
]=
∑
x∈T
[
ψ
σx
IH
H
, ζ σx
]= |G : IH |[ψIH H , ζ
]
because ζ σx = ζ . Now |G : IH | is a power of 2, but [χH , ζ ] is odd. We conclude |G : IH | = 1.
Next, because U ⊆ I, we may write IH = U  PI , where PI = P ∩ I . Note that PI is an
abelian 2-group.
We are ready to study the expression
χKH =
∑
ϕ∈Irr(KH)
eϕϕ
where the eϕ are uniquely determined, non-negative integers.
Observe that
[χH , ζ ] =
∑
ϕ∈Irr(KH)
eϕ[ϕH , ζ ].
Let G = Gal(Q2(|G|)/F ). Then G permutes the irreducible constituents of χKH , and we have
eϕ = eϕσ for all ϕ ∈ Irr(KH) and all σ ∈ G. Let Oϕ denote the orbit of ϕ in Irr(KH) under the
action of G. If σ ∈ G, we have ϕσ ∈Oϕ, and [ϕσH , ζ ] = [ϕσH , ζ σ ] = [ϕH , ζ ]. Therefore, we can
write
[χH , ζ ] =
∑
eϕ |Oϕ |[ϕH , ζ ]
where Oϕ ranges over the set of G-orbits in Irr(KH).
Of course, |G| is a power of 2, and [χH , ζ ] is odd, so there exists ϕ ∈ Irr(KH) such that
|Oϕ | = 1 and 2  eϕ . The condition |Oϕ | = 1 implies that F(ϕ) = F for this ϕ. Because eϕ =
[χKH ,ϕ], Lemma 1 says mF (ϕ) = mF (χ) = 1.
4146 M. Geline / Journal of Algebra 319 (2008) 4140–4146The group KU is a normal 2-complement in the group KH . We will show that the defect
groups of the 2-block of KH containing ϕ are abelian, contradicting Corollary 2.3.
The character θ is an irreducible constituent of ϕK . This is because H acts transitively on the
G-conjugates of θ . So some irreducible constituent θ˜ of ϕKU lies over θ . The stabilizer of θ˜ in
P is a defect group of the 2-block of KH containing ϕ. However, because U stabilizes θ, we
know θ˜K is a multiple of θ (it is actually equal to θ since KU/K is cyclic), so the stabilizer in P
of θ˜ is a subgroup of PI . Because PI is abelian, the proof of Theorem 1.1 is complete.
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